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Abstract
If a subgroup U of a finite group G has the property that either UH = UK or U ∩ H = U ∩ K for
every chief factor H/K of G, then U is said to have the cover-avoidance property in G and is called a CAP-
subgroup of G. It is well known that a subgroup U of a direct product G1 ×G2 is determined by isomorphic
sections S1 of G1 and S2 of G2 and by an isomorphism φ between those sections. We prove that whether
U is a CAP-subgroup of G1 × G2 depends on the isomorphism φ, but not necessarily on the sections S1
and S2. Equivalently, U is a CAP-subgroup of G1 ×G2 if and only if UM ∩G1 is a CAP-subgroup of G1
and UN ∩ G2 is a CAP-subgroup of G2 for all MG2 and NG1. Consequently, subdirect subgroups
and CAP-subgroups of direct factors have the cover-avoidance property.
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1. Introduction
All groups considered are finite.
During the past thirty years or so, the cover-avoidance property in solvable groups has af-
forded the attention of a number of authors, including Gillam [3], Schaller [6], and Tomkin-
son [8]. More recently, Ezquerro [2], the author [5], and Xiuyun and Shum [9] have discov-
ered some interesting characterizations of solvable and supersolvable groups in terms of CAP-
subgroups. The purpose of this paper is to study the cover-avoidance property in a direct product
of groups.
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(equivalently, K(U ∩ H) = H ), then U covers H/K , and if U ∩ H = U ∩ K (equivalently,
K(U ∩ H) = K), then U avoids H/K . If U either covers or avoids each chief factor of G, then
U is said to have the cover-avoidance property in G and is called a CAP-subgroup of G, for short.
We write CAP(G) to denote the set of all CAP-subgroups of G. Since K K(U ∩ H)H , a
necessary and sufficient condition for U to either cover or avoid H/K is that K(U ∩ H) G.
Evidently, normal subgroups are CAP-subgroups, and cyclic chief factors are either covered or
avoided by any subgroup.
It is natural for us to inquire about subgroup properties in a direct product and a precedence
for this has been set by Evan [1] and Hauck [4], for example, with regard to normality and per-
mutability, respectively. Although the results presented here are independent of theirs, this paper,
in a sense, is an extension of their work, for it was shown by the author in [5] that permutable
subgroups are CAP-subgroups.
In Section 2, we develop some general results on CAP-subgroups, normal subgroups and
chief factors. Section 3 outlines the basic theory of subgroups and chief factors of a direct prod-
uct which forms the foundation for the main theorems and corollaries in Section 4. In Theorem 9,
we show that a subgroup U of G1 × G2 is a CAP-subgroup if and only if UM ∩ G1 is a CAP-
subgroup of G1 and UN ∩ G2 is a CAP-subgroup of G2 for all M  G2 and N  G1. In
Theorem 12, we prove the equivalent result that a CAP-subgroup of a direct product is deter-
mined by the isomorphism between sections, as described in Goursat’s well-known theorem, and
we present an example which demonstrates this fact. Corollaries to the main theorems involve
subdirect subgroups and CAP-subgroups contained in direct factors.
2. Preliminary lemmas
We begin with some useful lemmas. A proof of the first one can be found in [5, Proposi-
tion 2.2.1] or [6, Lemma 1.4].
Lemma 1. If U ∈ CAP(G) and N G, then UN,U ∩ N ∈ CAP(G).
Lemma 2. Let U G, N G, and let L/M be a chief factor of G with N ∩L = M . If U covers
L/M , then U covers LN/N , and if U avoids LN/N , then U avoids L/M .
Proof. If UL = UM , then ULN = UMN = UN , and if U ∩ LN = U ∩ N , then U ∩ L =
U ∩ LN ∩ L = U ∩ N ∩ L = U ∩ M , as required. 
Lemma 3. Let L/M and N/M be non-isomorphic chief factors of G. Assume that the subgroup
U of G covers or avoids each of the chief factors L/M , N/M , LN/N and LN/L. Then U either
covers both L/M and LN/N , or avoids both L/M and LN/N .
Proof. Suppose the conclusion is false. In light of Lemma 2, we may assume that U covers
LN/N and avoids L/M . If U covers N/M , then U covers LN/L by Lemma 2 (interchange
the roles of L and N ). In this case, UL = ULN = UN = UM , which is a contradiction. Now
assume U avoids N/M so that U ∩ N = U ∩ M = U ∩ L < U ∩ LN . This forces LN/L to
be covered by U . On the one hand, (U ∩ LN)/(U ∩ L) ∼= LN/L ∼= N/M , and on the other,
(U ∩ LN)/(U ∩ L) = (U ∩ LN)/(U ∩ N) ∼= LN/N ∼= L/M , contrary to the hypothesis that
N/M and L/M are non-isomorphic. 
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let M = M0  M1  · · ·  Mk = N , k  1, be a section of a chief series of G through M
and N . Assume that L/M is non-isomorphic to Mj+1/Mj for j ∈ {0,1, . . . , k − 1}, and sup-
pose that the subgroup U of G covers or avoids LMi/Mi , Mj+1/Mj and LMj+1/LMj , where
i, j ∈ {0,1, . . . , k}, j = k. Then U either covers every LMi/Mi or avoids every LMi/Mi for
i ∈ {0,1, . . . , k}.
Proof. The assertion follows by induction on k and Lemma 3. 
3. Subgroups and chief factors of G1 ×G2
In this section, we record two well-known subgroup theorems as well as derive relevant infor-
mation about the chief factors of a direct product.
The following theorem is credited to Goursat (see [7, Theorem 1.6.1]).
Theorem 5. The subgroups of a direct product G1 × G2 are in one-to-one correspondence with
triples (S1, S2, φ), where S1 is a section of G1, S2 is a section of G2, and φ : S1 → S2 is an
isomorphism. In particular, if U is a subgroup of G1 × G2 corresponding to (S1, S2, φ), then
U ∩Gi  πi(U), and Si = πi(U)/(U ∩Gi), where πi denotes the natural projection of G1 ×G2
onto Gi , i ∈ {1,2}.
We will write U = U(φ) when the need to emphasize φ arises and say that U is induced
by φ. Evidently, U(φ) is the set of all (u1, u2) in π1(U) × π2(U) such that φ(u1(U ∩ G1)) =
u2(U ∩ G2). In addition, no distinction shall be made between the external and internal notions
of a direct product. In particular, πi(U) will be identified with the subgroup UGj ∩ Gi , i = j .
Let U be a subgroup of G = G1 × G2. We say that U is a diagonal subgroup of G if
πi(U)/(U ∩ Gi) = 1, i ∈ {1,2}. Otherwise, U is a non-diagonal subgroup of G, hence U is
non-diagonal if and only if U = U1 × U2 for some U1 G1 and U2 G2. Further, recall that
if π1(U) = G1 and π2(U) = G2, then U is called a subdirect subgroup of G. Finally, we say
that U is a main-diagonal subgroup of G if G1 ∼= G2 and U is a subdirect subgroup of G with
U ∩ G1 = 1 = U ∩ G2.
The next theorem characterizes a normal subgroup of a direct product.
Theorem 6. Let N be a subgroup of the group G1 × G2. Then N  G1 × G2 if and only if
N ∩ Gi Gi and πi(N)/(N ∩ Gi)Z(Gi/(N ∩ Gi)), i ∈ {1,2}.
Proof. The converse follows at once from the containment N  π1(N)π2(N). So suppose N 
G1 × G2, and let i, j ∈ {1,2}, i = j . It suffices to show that [x, y] ∈ N for all x ∈ πi(N) =
NGj ∩ Gi and y ∈ Gi . To this end, we write x = ng for some n ∈ N and g ∈ Gj . Since g and y
commute, [x, y] = [ng,y] = [n,y]g , which is certainly in the normal subgroup N . 
Because Theorems 5 and 6 are both well-known and fundamental in the sequel, we will sup-
press reference to their application.
Now that we have sufficient information about the normal subgroups of G = G1 ×G2, we can
turn our attention to the chief factors. Such a factor H/K can have one of four possible forms,
depending on whether H and K are diagonal or non-diagonal. Let us call H/K a diagonal
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diagonal subgroups of G, then we call H/K a non-diagonal chief factor of G. As we shall
see momentarily, only diagonal and non-diagonal chief factors correspond to non-cyclic chief
factors, so we refrain from defining additional terminology for the two remaining cases.
Lemma 7. If H/K is a non-cyclic chief factor of G = G1 × G2, then H/K is covered by one
of G1 and G2 and avoided by the other. Moreover, H/K is either a diagonal or a non-diagonal
chief factor of G.
Proof. Suppose that G1 and G2 either both cover or both avoid H/K . In the first case,
HGi ∩ Gj = KGi ∩ Gj , i, j ∈ {1,2}, i = j , and in the second, H ∩ Gi = K ∩ Gi , i ∈ {1,2}.
Thus, the normality of H and K implies π1(H)/(K ∩ G1) × π2(H)/(K ∩ G2)  Z(G1/(K ∩
G1) × G2/(K ∩ G2)) in either case. Now set I = (K ∩ G1)(K ∩ G2). Under the canonical
isomorphism from G1/(K ∩ G1) × G2/(K ∩ G2) onto G/I , we have H/I  Z(G/I), hence
(H/I)/(K/I)  Z(G/I)/(K/I)  Z((G/I)/(K/I)). It follows that H/K  Z(G/K) which
contradicts the assumption that H/K is non-cyclic.
To prove the last statement of the proposition, we let i, j ∈ {1,2}, i = j , and assume that
Gi covers H/K and Gj avoids H/K . According to the observations at the start of the proof,
πj (H)/(H ∩ Gj) = πj (K)/(K ∩ Gj). Thus, H is a diagonal (respectively non-diagonal) sub-
group if and only if K is a diagonal (respectively non-diagonal) subgroup. 
4. CAP-subgroups of G1 ×G2
Lemma 7 asserts that a non-cyclic chief factor of a direct product is either diagonal or non-
diagonal. The next result shows that the cover-avoidance property depends only on the non-
diagonal ones.
Lemma 8. Let U G = G1 × G2. If U covers or avoids each non-diagonal chief factor of G,
then U ∈ CAP(G).
Proof. Let H/K be a non-cyclic diagonal chief factor of G. By Lemma 7, and without loss of
generality, we may assume that H/K is avoided by G1 and covered by G2. Therefore, π1(H) =
π1(K), H ∩ G1 = K ∩ G1, and (H ∩ G2)/(K ∩ G2) is a chief factor of G2. Set M = (K ∩
G1)(K ∩ G2), N = π1(K)(K ∩ G2), and L = (K ∩ G1)(H ∩ G2), and note that L/M is a non-
cyclic, non-diagonal chief factor of G with L∩N = M . Since N/M ∼=G LN/L ∼=G π1(K)/(K ∩
G1)Z(G1/(K∩G1)), each chief factor of G between N and M is cyclic, as is each chief factor
between LN and L. In addition, if T G such that M  T  N , then LT/T is a chief factor
of G which is surely non-diagonal. Therefore, U covers or avoids each chief factor between N
and M , each chief factor between LN and L, and each chief factor of the form LT/T , where
T G and M  T  N . Since the hypothesis of Lemma 4 is satisfied, it follows that U either
covers both L/M and LN/N , or avoids both L/M and LN/N . We can apply a similar argument
to N = π1(K)(K ∩ G2), S = π1(K)π2(K), and LN = π1(K)(H ∩ G2) to conclude that U
either covers both LN/N and LS/S, or avoids both LN/N and LS/S. Consequently, U covers
(respectively avoids) L/M if and only if U covers (respectively avoids) LS/S.
To complete the proof, suppose first that U covers L/M . Since K ∩ L = M , it follows from
Lemma 2 that U covers LK/K = H/K . Suppose now that U avoids L/M ; then U avoids LS/S,
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avoids H/K . 
Theorem 9. Let U G1 × G2. Then U ∈ CAP(G1 × G2) if and only if UM ∩ G1 ∈ CAP(G1)
for every M G2, and UN ∩ G2 ∈ CAP(G2) for every N G1.
Proof. Suppose that U ∈ CAP(G1 ×G2), and let M G2. It follows from Lemma 1 that UM ∩
G1 ∈ CAP(G1 × G2), and hence UM ∩ G1 ∈ CAP(G1), as any chief factor of G1 is a chief
factor of G. An identical argument holds for N G1.
Now assume the hypothesis of the converse, and let H/K be a chief factor of G1 × G2.
According to Lemma 8, and without loss of generality, it suffices to take H/K = H1H2/H1K2,
where H1  G1 and H2,K2  G2. Since H2/K2 is a chief factor of G2, and UH1 ∩ G2 ∈
CAP(G2), it follows that K2((UH1 ∩G2)∩H2)G2, so H1K2((UH1 ∩G2)∩H2)G1 ×G2.
But H1K2((UH1 ∩G2)∩H2) = H1K2(U ∩H1H2) = K(U ∩H), hence K(U ∩H)G1 ×G2,
as required. 
Corollary 10. Let U1 G1 and U2 G2. Then U1 × U2 ∈ CAP(G1 × G2) if and only if U1 ∈
CAP(G1) and U2 ∈ CAP(G2). In particular, the CAP-subgroups of a direct product contained
in the direct factors are CAP-subgroups of the direct factors, and conversely.
Proof. Since U1U2M ∩ G1 = U1 for any M G2 and U1U2N ∩ G2 = U2 for any N G1, the
corollary follows immediately from Theorem 9. 
One final lemma is all that is required to restate Theorem 9 in terms of the isomorphism
inducing the given subgroup.
Lemma 11. Let U(φ)G1 × G2, and let N G1. Then
φ
(
(U ∩ G1)(N ∩ π1(U))
U ∩ G1
)
= UN ∩ G2
U ∩ G2 .
Proof. Write Pi = πi(U) and Ii = U ∩Gi , i ∈ {1,2}, let W = I1(N ∩P1) and C/I2 = φ(W/I1),
and note that W = UN ∩ P1 and UN ∩ G2 = UN ∩ P2. If xI2 ∈ C/I2, then there is an aI1 ∈
W/I1 with φ(aI1) = xI2. It follows that ax ∈ U with x ∈ P2. But a ∈ W implies that a ∈ UN ,
thus x ∈ UN . Therefore x ∈ UN ∩ P2, and hence C/I2  (UN ∩ G2)/I2.
To prove the reverse inclusion, let yI2 ∈ (UN ∩ P2)/I2. Then there is a b ∈ P1 such that
φ−1(yI2) = bI1. Since by ∈ U and y ∈ UN , it follows that b ∈ UN ∩ P1 = W . Therefore,
φ(bI1) = yI2 implies yI2 ∈ C/I2. 
For the group G and a section U/V of G, we write IG[U/V ] to denote the set of all subgroups
W of G such that W = V (U ∩N) for some N G. That is, IG[U/V ] is the range of the mapping
defined by N → V (U ∩ N) which sends the lattice of normal subgroups of G into the interval
[U/V ] of the subgroup lattice of G.
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i,j ∈ {1,2}, i = j , define
Cj (U) =
{
X Gj
∣∣∣ X
U ∩ Gj = φi
(
W
U ∩ Gi
)
for some W ∈ IGi
[
πi(U)
U ∩ Gi
]}
.
Then U is a CAP-subgroup of G1 × G2 if and only if C1(U) ⊆ CAP(G1) and C2(U) ⊆
CAP(G2).
Proof. First, note that U is induced by φ in G1 × G2 if and only if U is induced by φ−1 in
G2 × G1. Therefore the definition of C1(U) is valid. Secondly, Cj (U) = {UL ∩ Gj | L Gi}
by Lemma 11, so the claim follows from Theorem 9. 
Corollary 13. If U  G1 × G2, then U ∈ CAP(π1(U) × π2(U)). In particular, subdirect sub-
groups and main-diagonal subgroups are CAP-subgroups.
Proof. If we apply Theorem 12 to π1(U) × π2(U), then Cj(U) is a set of normal subgroups of
πj (U), j ∈ {1,2}. Hence C1(U) ⊆ CAP(π1(U)), and C2(U) ⊆ CAP(π2(U)). 
Since any subgroup containing a subdirect subgroup is itself subdirect, every subgroup above
a subdirect subgroup in the subgroup lattice of a direct product is a CAP-subgroup.
According to Theorem 12, the cover-avoidance property in a direct product depends on the
isomorphism between sections. We demonstrate this point with an example showing that a CAP-
subgroup and a non-CAP-subgroup can correspond to the same sections.
Example 14. Consider G = G1 × G2 where G1 = G2 ∼= S4, the symmetric group on 4 ele-
ments. For i ∈ {1,2}, let Pi be a Sylow 2-subgroup of Gi with generators ri = (1 2 3 4) and
si = (1 2)(3 4). Then Vi = 〈r2i , si〉 is a minimal normal subgroup of Gi , and Wi = 〈r2i , risi〉
is not a CAP-subgroup of Gi because 1 < Wi ∩ Vi < Vi . Now if φ : P1/1 → P2/1 is an
isomorphism, then IGi [Pi/1] = {Pi,Vi,1}, so, by Theorem 12, U = U(φ) ∈ CAP(G) if and
only if φ(Vi) ∈ CAP(Gj ), j = i. For instance, if φ is defined by r1 → r2 and s1 → s2, then
φ(V1) = V2 ∈ CAP(G2). In this case, U ∈ CAP(G). But if φ is defined by r1 → r2 and
s1 → r2s2, then φ(V1) = W2 /∈ CAP(G2), and hence U /∈ CAP(G).
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